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Main features

I Heterogeneous media.

I Complex geometry.

I High order accurate.

I Explicit high order accurate time-stepping (Runge-Kutta 4).

I Provably stable.



Similar approach

FDMap (2D finite difference): J. Kozdon + E. Dunham.



Elastic wave equation in 3D
Displacement formulation (ui ) : [Most finite element schemes]

ρ
∂2ui
∂t2

=
∂σij
∂xj

,

Hooke’s Law: σij = Cijklεij , εij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
,

Isotropic elasticity: Cijkl = Cijkl (λ, µ).

Velocity–Stress formulation (vi , σij) : [Most finite diff. schemes]

ρ
∂vi
∂t

=
∂σij
∂xj

,

∂σij
∂t

= λδij
∂vk
∂xk

+ µ

(
∂vi
∂xj

+
∂vj
∂xi

)
.

Velocity field: vi , Stress tensor: σij .



Friction law:

τ = F (σ, v , ψ) ,
∂ψ

∂t
= −G (τ, v , ψ) .

I τ is the shear stress on the fault.

I σ is compressive normal stress.

I v = [[∂u∂t ]] is the slip rate.

I ψ is a state variable (or slip).
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Epicenter
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Rupture contours: KD vs Roten at h = 100m
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How does our code work ?



Grid mapping
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Numerical method

ρ
∂v

∂t
=
∂σ

∂y
,

1

µ

∂σ

∂t
=
∂v

∂y
, 0 ≤ y ≤ L.

Boundary condition : σ = g(t) ≡ 0, y = 0.

ρ
∂v

∂t
=

1

J

∂

∂q
(Jqyσ),

1

µ

∂σ

∂t
= qy

∂v

∂q
.

Energy : EJ(t) :=
1

2

∫ 1

0

(
ρv2 + µ−1σ2

)
Jdq.

Energy rate:
d

dt
EJ(t) = 0, for all t ≥ 0.
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Numerical stability

Discrete energy : EJh(t) :=
1

2

N∑
j=1

(
ρjv

2
j + µ−1

j σ2j

)
JjjHjj .

Hjj are quadrature weights given by the difference operator.

Discrete energy rate :
d

dt
EJh (t) = 0, for all t ≥ 0.



Stable discrete approximation ?

Given: Wave equation + Initial Conditions + Boundary Conditions.

I Method of lines –discrete in space and continuous in time.

I Summation-By-Parts finite difference operators (in space).

I Weak enforcement of boundary conditions.

I Stability by energy methods (Stable systems of ODEs).

I Fully discrete: Explicit Runge-Kutta.



1D central differences
Grid points :

qj = (j − 1) h, h =
1

N − 1
, j = 1, · · · ,N.

Grid function (Method of lines):

vj (t) ≈ v (qj , t) v (t) = [v1 (t) , v2 (t) , v3 (t) , . . . , vN (t)]T .

Approximate spatial derivatives:

vj+1 − vj−1

2h
=
∂v (qj)

∂q
+ O

(
h2
)
, j = 2, 3, . . .N − 1.

At j = 1 and j = N?

v2 − v1
h

=
∂v (q1)

∂q
+ O (h) .

vN − vN−1

h
=
∂v (qN)

∂q
+ O (h) .



1D central differences
Grid points :

qj = (j − 1) h, h =
1

N − 1
, j = 1, · · · ,N.

Grid function (Method of lines):

vj (t) ≈ v (qj , t) v (t) = [v1 (t) , v2 (t) , v3 (t) , . . . , vN (t)]T .

Approximate spatial derivatives:

vj+1 − vj−1

2h
=
∂v (qj)

∂q
+ O

(
h2
)
, j = 2, 3, . . .N − 1.

At j = 1 and j = N?

v2 − v1
h

=
∂v (q1)

∂q
+ O (h) .

vN − vN−1

h
=
∂v (qN)

∂q
+ O (h) .



Differentiation matrix

(Dv (t))j ≈
∂v (qj)

∂q
.

D =
1

h


−1 1 0
−0.5 0 0.5

. . .
. . .

. . .

−0.5 0 0.5
0 −1 1

 , H = h


0.5

1
. . .

1
0.5

 .

Discrete:

〈Dv, v〉H = −〈v,Dv〉H + v2N − v20 {Summation-By-Parts},

Continuous:(
∂u

∂y
, u

)
= −

(
u,
∂u

∂y

)
+ u(1)2 − u(0)2 {Integration-By-Parts}.

(1)
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6th Order accuracy

(Dv (t))j = − 1

60h
vj−3+

3

20h
vj−2−

3

4h
vj−1+

3

4h
vj+1−

3

20h
vj+2+

1

60h
vj+3

j = 4, 5, . . . ,N − 3, What happens at j = 1, 2, 3?

Modify j = 1, 2, 3, 4, 5, 6
− 21600

13649
104009
54596

30443
81894 − 33311

27298
16863
27298 − 15025

163788
− 104009

240260 0 − 311
72078 − 20229

24026 − 24337
48052

36661
360390

− 30443
162660
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32532 0 − 11155

16266
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32532 − 21999
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− 16863
78770 − 24337

31508 − 41287
47262 − 4147

15754 0 342523
472620 − 1296

7877
144
7877

15025
525612 − 3661

262806
21999
87602 − 25427

262806 − 342523
525612 0 32400

43801 − 6480
43801

720
43801

 .
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Numerical method

Replace spatial derivatives with difference operators

ρj
dvj
dt

=
1

Jj
D (Jqyσ)j ,

1

µj

dσj
dt

= qyj(Dv)j .

How do we impose boundary conditions ?

Strong enforcement: σ1 = g(t) ≡ 0.

We can not prove stability!
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Initial data
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Strong BC: σ1 = g(t) ≡ 0 (Unstable !)
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Weak boundary procedures

Simultaneous Approximation Term (SAT) —Carpenter et al. 1995

Boundary:


ρ1

dv1
dt = 1

J1
D (Jqyσ)1 − αH

−1
11 qy1 (σ1 − g(t))︸ ︷︷ ︸

SAT

,

1
µ1

dσ1
dt = qy1(Dv)1 − βH−1

11 qy1 (σ1 − g(t))︸ ︷︷ ︸
SAT

.

Interior:

{
ρj

dvj
dt = 1

Jj
D (Jqyσ)j ,

1
µj

dσj
dt = qyj(Dv)j .

(2)

Second order accuracy: (Dv)1 =
v2 − v1

h
, (Dv)j =

vj+1 − vj−1

2h
.

Penalty parameters α, β are chosen by requiring stability.
α = 1, β = 0.
There are also other possible choices !



A simple numerical test
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How about fault + friction laws?

Generalize to 3D linear elasticity in heterogeneous media +
complex geometries + interface conditions + friction laws



Ongoing and future work

I Fully parallel with MPI

I Automated multi–block

I Rate and state friction law

I Perform more SCEC benchmarks and more tests

I Subduction zone simulations



Suggestions ?


